We mathematically study the infrared catastrophe for the Hamiltonian of Nelson's model when it has the external potential in a general class. For the model, we prove the pull-through formula on ground states in operator theory first. Based on this formula, we show both, non-existence of any ground state and divergence of the total number of soft bosons.
Introduction
The infrared (IR) catastrophe is the trouble of the infrared divergence caused by massless particles constructing a quantized field. The purpose of this study is to investigate IR catastrophe for Nelson's Hamiltonian [26] . This Hamiltonian is of the so-called Nelson's model describing a system of a quantum particle, which moves in the 3-dimensional Euclidean space R 3 under the influence of an external potential, and which interacts with a massless scalar Bose field. The massless scalar Bose field is the quantized scalar field constructed by massless particles following the Bose-Einstein statistics, i.e., massless bosons. Betz et al. showed in [9] that the total number of soft bosons for Nelson's Hamiltonian diverges under the infrared singularity condition which is defined concretely later. In this paper the soft boson means the boson at a ground state. In their work it is assumed that the external potential is in the Kato class. Lőrinczi et al. showed in [25] that in the case of spatial dimension 3 there is no ground state of Nelson's Hamiltonian, though it is proved under the assumption of a strongly confining external potential. The results in both, [9] and [25] , are proved by means of functional integrals. Concerning L 2 -theoretical method, in [12] Deresiński and Gérard showed non-existence of any ground state for Nelson's Hamiltonian with the strongly confining external potential by amazingly simple way based on the L 2 -theoretical pull-through formula.
For another model, the so-called Pauli-Fierz model [28] , it was clarified in [8, 15] that there exists a ground state even under the infrared singularity condition, when Pauli-Fierz's Hamiltonian has the Coulomb-type potential. On the other hand, following the methods in [12, 25] to prove non-existence of any ground state, we are required to invent more suitable technique when we apply the methods to Nelson's Hamiltonian with the Coulomb potential. This has never been achieved. Thus, the present paper looks at the problem from a different angle from theirs. Namely, we use a manner of operator theory which is given by combining the technique of spatial localization based on Griesemer, Lieb, and Loss' method [15] and Arai, Hiroshima, and the author's technique to prove the non-existence [6] . Then, we can improve the result by Lőrinczi et al. and Deresiński and Gérard so that our result extends to the general class of external potentials, including the Coulomb potential. In this paper we also give mathematically rigorous proofs of the physical brief statements on IR catastrophe in [20, §2] , using our operator-theoretical pullthrough formula, announced in [19] . These are our main purposes. To the best of author's knowledge, the way in this paper is the first to establish the pull-through formula in operator theory. In physics, we expect that such non-existence of ground state in the standard state space constructed from the Fock space results from divergence of the total number of soft bosons. In such a case, another representation for the state space is required, which is known as the Bloch-Nordsieck theorem in physics [10] . However, we establish that the pull-through formula implies the both, the non-existence of ground state and the divergence of the total number of soft bosons. In a mathematical treatment these IR problems were first achieved for a fermion-boson model related to Nelson's by Fröhlich [13] . It is worthy of note that Pizzo developed Fröhlich's work [29] . In [6] we tried this problem of proving the non-existence from an operator-theoretical point of view, while we studied a mathematical mechanism of existence of ground states in [4] . However, because in [6] we dealt with general models, the so-called generalized spin-boson (GSB) model, and we did not have the operator-theoretical pull-through formula on ground states, we could not entirely achieve this goal. In this paper, we completely achieve it for Nelson's Hamiltonian with the external potential in the general class by an operatortheoretical manner.
Main Results
The position of the quantum particle with the mass m = 1 is denoted by x, momentum by p := −i∇ x . Here we employ the natural units physically. Namely, we set = 1, c = 1 throughout. As the Hamiltonian for the quantum particle, we consider the Schrödinger operator
with an external potential V , which is given as a self-adjoint operator acting in L 2 (R 3 ). We consider the case where H at has a ground state ψ at and denote its ground state energy by E at := inf σ(H at ), where σ(T ) denotes the spectrum of a closed operator T . We consider a general external potential V satisfying the following.
, where D(T ) denotes the domain of an operator T .
As some examples of the Schrödinger operators, we review H at considered in [2] and [33] . The two classes of the external potentials below include the strongly confining potential, long and short range potentials.
(C1) [2] :
and bounded from below, (C1-2) there exist positive constants c 1 and c 2 such that |x| 2 ≤ c 1 V (x) + c 2 for almost every (a.e.) x ∈ R 3 , and
(C2) [33] :
In this case, by Kato's theorem, we have the following:
(ii) V is infinitesimally p 2 -bounded.
We assume the following in addition to (C2-1):
(C2-2) H at has a ground state ψ at satisfying ψ at (x) > 0 for a.e. x ∈ R 3 and E at < min {0 , inf σ ess (H at )}, where σ ess (T ) is the essential spectrum of a closed operator T .
In both cases, (C1) and (C2), (A) holds and we have a ground state ψ at of H at . We say that V is in (C1) (resp. (C2)) if (C1-1) and (C1-2) (resp. (C2-1) and (C2-2)) hold.
Since our quantized particle is coupled with a massless scalar Bose field, we prepare some notations for the quantized field. We take a Hilbert space of scalar bosons to be the symmetric Fock space
, the space of all square-integrable functions, and ⊗ 0 s L 2 (R 3 ) := C. The finite particle space F 0 is defined by
, so we denote its closure by the same symbol. We define the smeared creation operator a † (f ) by the adjoint operator of a(f ), i.e., a † (f ) = a(f ) * , for every f ∈ L 2 (R 3 ).
The smeared annihilation and creation operators satisfy the standard canonical commutation relations (CCR):
In this paper, we consider the dispersion relation ω(k) given by ω(k) = |k|. Then the field energy H f is the second quantization of ω, i.e.,
Here, the second quantization of a self-adjoint operator h acting in L 2 (R 3 ) is defined by
3)
where h (n) is the closure of
, where I denotes the identity operator on L 2 (R 3 ), and h (0) = 0. Thus, employing the multiplication operator ω as h above, the action of H f is given by
where Ω 0 is the Fock vacuum, i.e.,
We symbolically write H f as
using symbolical representation of the kernel a(k) of the annihilation operator,
We note that such symbolical notations are often used in physics.
Remark 2.1 Fix k ∈ R 3 arbitrarily. Then, the symbolic kernel a(k) of the annihilation operator is given by [30, Theorem VIII.1(b) ]. In order to justify a(k) and a † (k) ≡ a(k) * directly and give a non-trivial meaning of a † (k) in mathematics, there is a way by using white noise calculus [27] .
With these symbolic kernels, CCR becomes
The Hilbert space in which the Hamiltonian of Nelson's model acts is defined by H := L 2 (R 3 ) ⊗ F. In order to define the interaction Hamiltonian H I,κ of Nelson's model, we use the fact that H is unitarily equivalent to the constant fiber direct integral
see [3, §13] . Throughout this paper, we identify H to the constant fiber direct integral, i.e.,
We set
where χ κ (k) := (2π) −3/2 if κ ≤ |k| ≤ Λ; := 0 if |k| < κ or Λ < |k| for an infrared cutoff κ and an ultraviolet cutoff Λ. We fix Λ in this paper. Then, we can define H I,κ by
where φ κ (x) is the cutoff Bose field given by
We symbolically denote H I,κ by
Then, it is established that I ⊗ H f and H I,κ are self-adjoint operators acting in H. We also denote the identity operator on F by I. Then, the cutoff Nelson Hamiltonian describing our quantized particle is given by 
massive bosons). See the decomposition of into the free Hamiltonian and the Hamiltonian of Nelson's model described by massive bosons in the proof of Lemma 3.1(ii).
We set 
Then, we have
where , H is the standard inner product of H. We define a non-negative Hamiltonian by
Then, the following is well known (cf. [3, Theorems 13-21 & 13-23]). [17] .
On the other hand, we have λ κ,x /ω ∈ L 2 (R 3 ) for κ > 0. The former condition is called infrared singularity condition in [5] (see also [6, (3.5) ]), the latter infrared regularity condition. Denote the number operator of bosons by N f , which is defined by the second quantization of the identity operator I, i.e.,
Symbolically,
In [6, Theorem 3.2] the non-existence theorem is described in terms of the total number of bosons in which the Schrödinger particle at a ground state dresses itself, namely, the statement is that there is no ground state in D(I ⊗ N 1/2 f ). Our theorem is characterized by the spatial localization with respect to the Bohr radius of the Schrödinger particle which dresses itself in the bosons. Namely, [12] .
Remark 2.4 J. Dereziński and C. Gérard also succeeded in proving the non-existence of any ground state for Nelson's Hamiltonian by an amazingly simple L 2 -theoretical way though the Hamiltonian has strongly confining external potentials
For the case where V is in class (C2), we define a positive constant q Λ by
where Σ := inf σ ess (H at ). We set q Λ = ∞ for the case where V is in class (C1) because Σ = ∞ in this case. Note that q Λ is independent of κ. 
we have the following proposition.
Proposition 2.5 Let us fix
has a unique ground state ψ κ for every κ, q with 0 < κ < Λ and |q| < q Λ , provided that V is in class (C1) or (C2). Theorem 2.6 (soft-boson divergence) Assume (A) and that there exist constants q Λ and K 0 with 0 < q Λ and 0 < K 0 < Λ, respectively, such that H N κ has a ground state for every q and κ with 0 < |q| < q Λ and 0 < κ < K 0 , respectively. If
Corollary 2.7 Let V be in (C1) or (C2). Then, (2.14) holds.
We prove Theorem 2.3 and Theorem 2.6 in Sections 5 and 6, respectively.
Preliminaries
In this section, we prepare some inequalities we use in this paper. For the Hamiltonian H N κ of Nelson's model, we have some estimates. In particular, we will need a uniform estimate of |x| ⊗ Iψ κ H in the infrared cutoff κ, when we consider the estimate of the total number of soft bosons in the case where V is in class (C1). Thus, we have to estimate (H 0 + 1) (
converges to H N in the norm-resolvent sense as κ → 0.
Lemma 3.1 Assume (A).
(i) For κ = 0 and q = 0, there exists a positive constant C q such that
Proof: H 0 and H N are closed with D(H 0 ) = D(H N ). So, for κ = 0 and q = 0, there exists a positive constant c q such that
by using the closed graph theorem. Hence (i) follows. Combining (2.12) and the fact that 
where
We employ a standard decomposition. Set
where 1l S is the characteristic function of a set S ⊂ R 3 . Here, we regard H ≤κ f and H >κ f as an operator acting in 
By (3.3) and (3.4) we estimate the error term to be
Here, to derive the second inequality, we used the fundamental inequalities concerning annihilation and creation operators in φ ≤κ (x), and moreover, for j = 0, 1, ess. sup
as κ → 0. Thus, we have lim κ→0 E N κ = E N , and (ii) is completed. In the same way as in (3.3), we have
which implies that
by (i), (3.4) , and (3.1). Thus, we have
which implies that there exists a positive constant K ′ 0 such that
Then we obtain (iii).
We obtain the following lemma from Lemma 3.1.
Lemma 3.2 For every q = 0 and arbitrary κ, ǫ with 0 < ǫ and 0 ≤ κ < K 0 ,
Proof: (3.5) follows from (3.2) and
where K 0 is in Lemma 3.1(iii).
Proof: Since V and |x| 2 are closed operators, (i) follows from the first inequality of (C1-2). We obtain the first statement of (ii), ψ ∈ D(|x| ⊗ I), by (C1-1), Proposition 2.2, and (i). The first inequality of (3.6) is obtained in the same way as in [2, Lemma 4.6] . Since by Schwarz' inequality, we have
, and obtain the second inequality of (3.6). By (3.6), we have
H , which implies (3.7).
From now on, we deal with the case where V is in class (C2). Let E 
Proof: We can take a non-negative function 1l n ∈ C ∞ 0 (R) for each n ∈ N satisfying 1l n (r) = 1 for |r| ≤ n; = 0 for |r| ≥ 3n, 0 ≤ 1l n (r) ≤ 1 for n < |r| < 3n, and
for x ∈ R 3 and each n ∈ N, and G n (x) → G(x) as n → ∞ for a.e. x ∈ R 3 . First, in the same way as in the proof of [22, Lemma 5.1], we have
It follows from Proposition 3.4 and (3.9) that
Before proving (3.8), we note that
By (3.10), (3.11), and Proposition 3.4, we have
Since sup x |∇G(x)| < ∞, there exist positive numbers c and c ′ such that
By using Leibniz's formula, Minkowski's inequality, and (3.13),
So, by (3.14) there exists a positive constant C G such that
for sufficiently large n ∈ N, which implies that
Then, by Lebesgue's monotone convergence theorem, (3.12), and (3.15), we obtain
Thus, ψ κ ∈ D(G ⊗ I) and (3.8) holds.
Actually, we are interested in the similar estimate to (3.8) for more concrete functions, e.g., |x| 1/2 , |x|, |x| 2 , e β|x| for a positive constant β, etc. In order to deal with such functions, we set some devices. Let g(x) be non-negative and differentiable, satisfying
Here χ R (r) = 0 for r < R/2 and χ R (r) = 1 for r > R with linear interpolation, and R > 0 is a parameter to tune the upper bound in the estimate to individual functions. Then, noting that χ R is absolutely continuous, we have
For example, if g(x) = |x| 1/2 , then ess. sup 19) and if g(x) = |x|, then ess. sup 
16). Let G R (x) be defined in (3.17). If sup
and there exists a constant C g > 0 such that
Proof: First we note that (1 − χ R )g is a bounded operator acting in L 2 (R 3 ), and D(g) = D(G R ). So, (3.21) follows from Lemma 3.5 and
The following corollary follows from Lemma 3.6 and (3.19) immediately.
Corollary 3.7 Let V be in class (C2). Fix κ with
κ has a ground state ψ κ and sup R/2<|x| |xV (x)| < ∞, then ψ κ ∈ D(|x| ⊗ I) and there exists a constant C 1 > 0 such that
In case that we do not have sup R/2<|x| |V (x)| |g(x)| 2 < ∞, we have the following lemma. (3.16) , sup R/2≤|x| |∇g(x)| 2 < ∞. Let G R (x) be defined in (3.17) . Then, ψ κ ∈ D(g ⊗ I) and
provided that there is a constant R > 0 such that sup |x|≤R |g(x)| < ∞ and |E at | > sup R/2<|x| |V (x)|.
Proof:
We first note (3.22) also holds in this case. Let 1l n be the same as given in the proof of Lemma 3.5. We set G n (x) = 1l n (|x|)G R (x). Then, G n ∈ C 2 0 ( x ∈ R 3 | |x| = ±R/2, ±R}). By using Leibniz's formula and Minkowski's inequality, we have
In the same way as obtaining (3.9), we have
by (3.25), which implies
Thus, we have
By applying Lebesgue's monotone convergence theorem to the above inequality, we have ψ κ ∈ D(G R ⊗ I) and 27) provided that there is a constant R > 0 such that 
|V (x)| > 0, then ψ κ ∈ D(e β|x| ⊗ I) and
Proof: We also follow the idea in [15] (also see [16] ) as we did in [22, Proposition 5.4] . Set g(x) = e β|x| in (3.17) . Then, in the same way as deriving (3.18), we have
By applying a limiting argument to (3.9), we have
Hence (3.28) follows from (3.22), (3.29) , and (3.30).
This exponential decay immediately implies the following.
An identity from pull-through formula
Let us fix 0 ≤ κ < Λ, and we suppose that H N κ has a ground state ψ κ in this section. By using CCR (2.7), we symbolically obtain the pull-through formula on the ground state ψ κ ,
However, since the domain of a(k) is so narrow that a(k) is not closable as remarked in Remark 2.1, (4.1) itself should not be regarded as an operator equality on ground states. It should be regarded as an equality on L 2 loc (R 3 ; H) as Dereziński and Gérard did in [12, Theorem 2.5]. The purposes of this section is to prove the operator-theoretical pull-through formula on the ground state and derive a useful decomposition for, especially, Nelson's model from it. To author's best knowledge, the operator-theoretical proof in this paper is the first for the operator version of the pull-through formula and this version has another development in operator theory of IR catastrophe (cf. [7, 21] ).
Before we state our desired proposition, we remember that ψ κ ∈ D(H 0 ) by Proposition 2.2.
where 
Although our λ κ,x does not satisfy [6, (A. 3)], we have
in the same way as in [6, Lemma 4.3] , where ∂ n := ∂/∂k n . For every k ∈ supp f ∩ {k|0 ≤ |k| ≤ Λ} and n, m = 1, 2, 3, we have directly
Thus, we can show that
in the same way as in [6, Lemma 4.3] . We have the following equality
Also see [23, Theorem 1 and (6)] and [24, Theorem 5.1]. Moreover, using the absolute continuity of ω(k) and the Riemann-Lebesgue theorem, in the same way as in [3, Lemma 12-11], we have a ± (f )ψ κ = 0. By using these facts and e −itH N κ ψ κ = e −itE N κ ψ κ , we have
, by using Fubini's theorem and Lebesgue's dominated convergence theorem, we have
Then, (4.3) follows from (4.5) and (4.6). Thus, (i) is completed. Let ψ κ be in
By using continuity of inner product, we obtain for every φ ∈ H φ ,
Applying these limits to (4.3) for f ν , we obtain (ii). 
we obtain (4.3) without the assumption that ψ κ ∈ D(x 2 ⊗ I).
(2) It could be interesting to consider what is the maximal class of f such that (4.3) holds for
The method presented above to prove the pull-through formula on the ground states is useful to the other models around the Pauli-Fierz model of nonrelativistic quantum electrodynamics [7] .
In (4.1), physicists often decompose the plain wave e −ikx into the dipole-approximated term e −ik0 = 1 and the error term e −ikx − 1, i.e.,
because this decomposition provides very simple treatment to estimate the total number of soft bosons. See explanations in [20, 21] . Dereziński and Gérard implement this way in L 2 -theory [12] . We also employ this way and implement it in operator theory by using (4. 
with 9) and J 2 (k)ψ κ is infrared-safe, i.e.,
Proof: We obtain immediately (4.8) from (4.3) by using (4.7) and (
follows from a direct computation. By using |e −ikx − 1| ≤ |k||x|, we have (4.10). [6] instead of (4.7), we can press forward with its concrete computation from [6, Lemma 5.1] as announced in [20] . Since we have (4. 3) now, we obtain [6, Lemma 5.1] with an easier proof than its own proof. Then, we reach [20, (17) ]: (4.12) , and (4.13), we have
Remark 4.2 Following the idea in
14)
Thus, by (4.13), we have
Since e −ikx p = pe −ikx + ke −ikx , we have
Therefore, (4.11) follows from (4.14) , (4.15) , and (4.16).
5 Non-existence of ground state for κ = 0
In [6] we proved that there is no ground state of GSB model in 
By the fundamental inequality concerning a † (f ), we have 
Sharp Estimate of Total Number of Soft Bosons
In this section, we prove Theorem 2.6. So, we assume κ > 0. In order to prove Theorem 2.6, we justify the following symbolic identity
Let X = (X, A, µ) be a σ-finite measurable space. Define the symmetric Fock space F X from X by
The annihilation operator a(f ), f ∈ L 2 (X), and the number operator N acting in F X can be defined in the same way as in (2.1) and (2.14) for those acting in F, respectively.
Proposition 6.1 For arbitrary complete orthonormal system {f ν } ν of L 2 (X),
By the definition of the annihilation operator, for each M ∈ N and every Ψ ∈ D(N 1/2 ) we have (n + 1)
Since Ψ (n+1) (·, k 1 , · · · , k n ) ∈ L 2 (X) for µ n -a.e. (k 1 , · · · , k n ) ∈ X n , we have
by Bessel's inequality. Since {f ν } ν is complete,
as M → ∞. Therefore, (6.2) follows from Lebesgue's monotone convergence theorem.
Remark 6.1 More general version of Proposition 6.1 appears in [7] .
Lemma 6.2 For every κ with 0 < κ < Λ,
Proof: Let R 3 ≤κ = k ∈ R 3 | |k| ≤ κ and R 3 >κ = k ∈ R 3 | |k| > κ . We set N 
